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PERFORMANCE ANALYSIS OF A THREE-DIMENSIONAL MICROWAVE

LENS IN A CYLINDRICAL ARRAY SCANNING APPLICATION

INTRODUCTION

This report describes the calculated performance of a three-dimensional mircrowave lens used
as a feed system for a scanning cylindrical array. The system is designed to scan a beam, in fine
angular increments, through 360' in azimuth. Normally, a feed system for such an array might
consist of multibeam matrix networks or two-dimensional lenses, possibly in combination with
switching networks [1].

It has been shown that, under idealized circumstances, a multibeam three-dimensional lens is
equivalent to multibeam matrices and two-dimensional lenses [2]. The use of a three-dimensional
lens in scanning a cylindrical array is a particularly attractive possibility since, unlike an air dielec-
tric, two-dimensional lens, it is sufficiently small to fit within the cylindrical array and, compared to
a matrix, is relatively simple in construction.

For purposes of evaluation, the lens and cylindrical array are studied in the context of a pro-
posed FAA microwave landing system (MLS) application. The performance of the lens system is
compared with the performance of a perfect matrix system. The FAA application requires that a
beam with a shaped elevation pattern be scanned to any azimuth position with an accuracy of 0.1'.
A normal azimuth half-power beamwidth of 4 and a nominal sidelobe level of 25 dB are additional
requirements. Design considerations for the 360° azimuth MLS antenna were discussed in a previous
report [3].

Although the objective of this report is to evaluate the performance of a particular lens in
a particular scanning cylindrical array configuration and not to describe the rationale for selecting
this configuration, a brief qualitative discussion of the design problem is given here. The primary
design problem in scanning a cylindrical array, once we have determined the aperture distribution
to give the desired radiation pattern characteristics, is the rotation of the aperture distribution
around the periphery of the array. In contrast to scanning a linear or planar array, in which the ele-
ment phases are changed while the amplitudes are held constant, both amplitude and phase are
changed, for each element of the cylindrical array. Furthermore, it can be shown that superior
pattern performance is obtained only by simultaneous, continuous variation of both amplitude and
phase. Varying phases while holding amplitudes constant to move the beam through a small angle,
then jumping amplitudes abruptly is not a high-performance approach-thus, the complexity of the
feed network. References 1, 3, 7, and 8 provide more detail for the interested reader. Designs show-
ing the desired capability to rotate (or commutate) the distribution around the array are illustrated
in this report.

A cylindrical array consisting of 37 vertical staves and fed by a 37-port, three-dimensional lens
through an array of switches is the configuration selected for study. It is demonstrated that the
desired beamwidth and pointing accuracy are attainable with this system. Inherent phase and ampli-
tude errors in the lens preclude, however, the attainment of the desired sidelope levels. Further-
more, space attenuation and spillover losses in the lens produce a significant system loss.

Manuscript approved February 28, 1983.



COLEMAN AND SHELTON

LENS CONFIGURATION

The evaluated lens design consists of two arrays, each consisting of 37 elements, positioned so
that their phase centers lie on equal-radius spherical surfaces. The center of each spherical surface is
located on the other one. This arrangement is diagrammed in Fig. 1. Figure 2 shows the arrange-
ment of the elements in each array. The arrangement is such that the phase centers form a regular
hexagonal lattice when projected on a plane normal to the centerline of the lens. The interelement
spacing, S, is constant in this projection. The top and bottom arrays are displaced relative to one
another about the centerline of the lens by an angle 7. The design of lenses of this configuration is
discussed in [2]. In the present instance, the design frequency is 5060 MHz and R, S and y equal
56.46 cm (22.23 in.), 7.95 cm (3.13 in.) and 4.72' respectively.

The radiating elements in the arrays must be circularly polarized and some attention was given
to selecting the design of a suitable antenna element so that performance of the lens system would

be adequately modeled. The element selected was a helicone antenna [4] consisting of a 6.5-turn
helix situated in a cone of 7.62-cm (3 in.) aperture, having a height of 10.16 cm (4 in.) and a base
diameter of 5.08 cm (2 in.). This element exhibits good circularity-both on and off axis--and has
clean radiation patterns which minimize spillover and cross-coupling to neighboring elements in
the arrays. The one-tenth power beamwidth of this element is 90'. The pattern shape was approxi-
mated in the calcualtions by:

LOG P(O) = (0)2

P(O) is the power at an angle 0 off the axis of the element and 010 is the value of 0 where the
power is 0.1 of the on axis value. The power gain of the element was determined to be closely given
by:

30 000

(03)2

where 03 is the half-power beamwidth in degrees. For the helicone described, this gives a gain of
10.9 dB. Since the interelement spacing is only 7.87 cm (3.1 in.), a substantial increase in gain of
the lens element over this value is not possible.

A correspondence between ports on the lens surfaces and the ports of a Butler matrix [ 5,6]
may be established [2]. Feeding the elements one by one on, say, the bottom surface of the lens
gives a set of excitations on the elements of the opposite surface that approximate the excitation
modes [7] obtained from a Butler matrix that has a zero-order mode. Ideal excitations would be
uniform in amplitude and vary linearly in phase over the elements. In the case of 37 elements,
perfect modes would be given by:

En = ei(2mnfl/37),

2
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Fig. 2 - Arrangement of lens radiating elements
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COLEMAN AND SHELTON

where n is the element number (18 <i < 18) and m is the mode number (-18 < m < 18). In
actuality, departures from these ideal excitations are unavoidable in the case of a lens. Amplitude
errors occur as a result of differences in separation distance between elements of the two arrays and
the effect of the radiation patterns of the elements in the arrays. Phase errors result from inherent
collimation errors in the lens. These amplitude and phase errors only vanish for the central feed
port (i.e., the zero mode). Plots of the calculated phase and amplitude errors of the lens described,
as compared to a perfect matrix, are shown in Fig. 3. The phase error is independent of the beam-
width of the lens elements. The amplitude errors are, however, related to this beamwidth. The
plot shown assumes a 900 tenth-power beamwidth for the lens element (as described above). For
wider beamwidths, the peak amplitude, taken over all the modes, is dominated by the terms due to
differences in spacing between elements of the top and bottom lens arrays and remains essentially
at the peak value shown in the figure. Since lens attenuation is increased if wider beamwidth ele-
ments are used, there would be no performance benefit in using wider beamwidth elements.
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Fig. 3 - Lens phase and amplitude errors

SCANNING OF THE CYLINDRICAL ARRAY

The investigated scanning system is derived from the use of a Butler matrix as a commutation
switch 111. A diagram of such a commutation system is shown in Fig. 4. Assuming the set of vari-
able phase shifters to be set to zero phase shift, a desired distribution may be established on the
elements of the circular array by means of the power divider and set of fixed phase shifts. This
distribution may then be moved around the array by linear variation of the variable phase shifters.
The distribution returns to the initial position on the array when the variable phase shifts return to
zero modulo 21r. This commutation property of the Butler matrix has been shown to he uni(lue 181.

4
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Fig. 4 - A Butler matrix as a commutation switch

As described above, full 3600 scanning of a circular array having N elements is provided with
an N-port matrix and N adjustable phase shifters. The scanning system can be extended to larger
circular arrays without increasing the number of ports in the matrix, or the number of phase
shifters, by using Q sectors each containing N elements and adding N switches to select which N
of the elements are energized at a particular time. The switches are then N-pole, Q-throw, devices.
A diagram of such a system for N = 3 and Q = 3 is shown in Fig. 5. The elements of the array, which
would actually be arranged on the perimeter of a circle, are diagrammed as linearly arranged for
convenience of explanation. Originally all switches are in their number one position. The phase
shifters may be adjusted linearly so that the original element distribution is moved to the right in
the figure. At the point where the distribution is moved over by one-half an element spacing, the
first switch is thrown to its second position. This disconnects the first element in the first sector and
adds the first element in the second sector. The linear variation in phase shifts may then be contin-
ued until the distribution is recentered on the new array of connected elements. Continuing adjust-
ment of the phase shifters past this point, we next must throw the second switch to drop the left-
most element and add a new element on the right. Thus, when we use the linear variation of the
input phase and successively change the switches to drop an element on the left and add an element
on the right, the original distribution is moved around the perimeter of the larger array.

5
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Fig. 5 - Commutation switch for a multisectored array

When the distribution is shifted so that it appears in its original form on a group of N elements
we say the array is steered to a cardinal, or principal, beam position. Intermediate positions are con-
sidered as steered plus or minus a fine steering angle from these positions. Fine steering is accom-
plished by adjustment of the phase shifters only, but selection of a new principal beam position
requires a new switch pattern in addition to adjustment of the phase shifters. Use of a Butler matrix
with continuously variable phase shifters would theoretically result in the same radiation patterns
at every principal beam position (except for the desired change in direction). Only these positions
satisfy the commutation property. Intermediate (fine steered) positions do not, of course, replicate
the original distribution on any group of elements and departures from the principal beam perform-
ance occurs. The performance with fine steering would, however, be identical about any principal
beam position.

The array geometry investigated consists of 111 elements arranged in three sectors of 37 ele-
ments each. The first stage in evaluating the performance of this array configuration is the determin-
ation of suitable initial feeding coefficients for the 37 elements of the array that compose a single
sector. This determination is discussed in the next section.

6
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DETERMINATION OF ELEMENT COEFFICIENTS

Initial (unscanned) element distributions were derived from linear Taylor distributions (91.
These Taylor distributions are specifically designed to yield low sidelobes from linear apertures
and may only be approximated in the case of an array located on a circular sector. Approximations
were obtained by using a cophasal projection of a Taylor distribution on a linear aperture tangent to
the circular array. This arrangement is shown in Fig. 6. Only the distribution from the center over
one-half of the array need be considered. The distribution over the remaining elements may then be
obtained by imaging around the central element. The distribution G(Xn) at the point (Xn, p) was
obtained by linear interpolation between values at 20 equally spaced points between X = 0 and
X = Xmax.. These values were obtained from tabulated values for the Taylor distributions [9].
Amplitude corrections were applied for element positions as an increases. The amplitude correc-
tions were such that, if a uniform distribution were initially assumed on the tangential aperture,
uniform power density would be obtained by backward projection from the elements of the array.
Element pattern shape (see Fig. 6) was assumed to oe of the form

F(an) = (1 + cOsen)P.

A value of p = 2 gives good agreement with measured element patterns of edge slot arrays in the
presence of neighboring terminated elements. Applying the several corrections discussed we obtain
for the element coefficients:

exp [0p(1 -cOSQn)1
E(an)= cos 2 (an) (1+cosan)P " G(psinn),

TANGENTIAL LINEAR X /

APERTURE d,

Fig. 6 - Geometry of array sector as used to
obtain element excitations
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where p is the radius of the array, a,, is the angle to the nth element, and 3 = 21/N,. The value of N,
is the wavelength at the design frequency.

An objective of 30 dB was set for calculated sidelobes from the array with the initial
(unscanned) distribution. This allows for some deterioration with scan before a nominal 25-dB
sidelobe level is exceeded. Figure 7 shows a calculated pattern for the unscanned circular section
array. This pattern was obtained by using an order-6 Taylor distribution with 35-dB sidelobes (for
a linear aperture) as the objective function G(X n ). The radius of the array was adjusted so that the
sidelobes in the rearward direction (shown as dotted in the figure) did not exceed the maximum
sidelobe in the forward direction (shown solid). The design frequency was fixed at 5060 MHz, and
the valup of p = 59.81 cm (23.55 in.) is attainable with edge slot radiators in waveguide. This initial
distribution was used in the majority of subsequent calculations evaluating the scanning perfor-
mance of the array.

-- ---------- ---- - - - - - ---- ---- ---- ---- ---- ---- ---

20 1-- -- - - -1- - - -- - - - - - - - - -- - - - - - - - - - - - - - - - - - - - - -

e------ ---

40-90 DEG -so -30 0 30 60 go

Fig. 7 - Unseanned radiation pattern of sector of cylindrical array with

element excitations derived from a 35-dB linear Taylor distribution

DETERMINATION OF FEED COEFFICIENTS

After we determine the distribution over the elements of the sectorial array, the teeding
coefficients at the input terminals of the transformation device (lens or matrix) may be determined.
For an odd number of elements, N = 2L + 1:

L

E n  CmTm,n for -L < n < L,
m = -L

8
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where F,, is the nth elenment coefficient. C, is the toi t l in put coefficient, and Tm ,n is the (0oiplex
transfer coefficient between thv inth and n tn port lty use of the svm triv of the problerm:

1.

En COTO, + CM('I'-m,n + Tm,,)' 0 C- n <L.
ni 

= 
1

This is a set of L + 1 simultaneous equations in the L + I unknowns, Cm. With the transfer coeffi-
cients and the element coefficients known, this set may be solved for the set of Cm.

EVALUATION OF SCANNED BEAM CHARACTERISTICS

In evaluation of the lens performance, the scanning system of the cylindrical array discussed

earlier and diagrammed in Fig. 5 was numerically simulated for the cylindrical array consisting of
three sectors, each with 37 radiating elements. Radiation patterns were calculated in 0.5' incre-
ments of far field angle for a number of beam positions. The main beam maximum, left and right
half-power points, and the level of the highest sidelobe were obtained by quadratic interpolation
between the calculated pattern points. Beam position was determined by averaging the left and right
half-power points. Directivity was calculated by using Simpson's rule. In all calculations, perfect
construction of the system was assumed; thus, only the effects of inherent errors are included. The
performance of the system incorporating the lens is compared with the performance when a loss-
less 37-element Butler matrix is substituted for the lens.

Figure 7 shows the unscanned pattern of the array with the 35-dB linear Taylor distribution
as the objective function. This pattern is the same for either a lens or matrix feed system. The set
of mode excitation coefficients (i.e., the power diversion of the power divider and the values of
fixed phase shifts diagrammed in Fig. 5) differs, of course, for the two cases. Both systems are,
however, scanned by the same settings of variable phase shifters and switches. Tile two systems
show significant differences in scanned pattern performance. Figures 8 and 9 show the radiation
patterns of the matrix system and the lens system scanned half way to the next principal beam posi-
tion. Figure 10 graphs the maximum sidelobe level for both systems fine steered about the zero
principal beam position. Differences between the two systems are small. Tihe performance of the
matrix system, however, is cyclic with a period equal to the spacing between principal beams and,
therefore, the sidelobes with this system never are worse than shown here. The performance of the
lens system, however, is cyclic with a period of 1200 (for a three-sector array) and significant deter-
ioration in performance occur! as the beam is steered through the various principal beam positions.
Sidelobe level as the beam is fine steered around the 18th principal beam position is also shown in
Fig. 10.

Figure 11 shows the sidelobe level for the lens and matrix systems for a sample set of random
beam positions. These positions were established by choosing a random fine steering fraction around
each of the principal beam positions that are associated with one third o the array, and are there-
fore representative of all beam positions encountered in steering the array through a full 360' . The
rapid deterioration of sidelobe level of the lens-fed system with scanning is apparent from this
figure.

9
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29 --- -- -- -- -- - - -- - - -- - -- - - -- - - -- - - -- - - -- ---------------

------------------.- ----------------- -------------
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Fig. 8 - Pattern of matrix-fed system fine-steered by 0.5 from the
0-beam position
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Fig. 9 - Pattern of lens-fed system fine-steered by 0.5 from the
0-beam position
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COLEMAN AND SHELTON

Tables la and lb statistically summarize the various data obtained from the calculated patterns
for the matrix system and the lens system using a 900 tenth-power beamwidth lens element. Beam
pointing error and beamwidth for both systems are acceptable. The sidelobe level for the lens
system, however, is much too high. Table le summarizes the pattern data when an isotropic radia-
tor is assumed for the lens feed. There is no significant improvement in sidelobe level in this case,
and the lens' mean loss is increased from 7.33 dB to 25.83 dB with this change.

Table 1 - Order 6 Linear Taylor distribution--35-dB Sidelobe

(a) Scan evaluation using perfect matrix Maximum Mean Sigma

Sidelobe (dB) 24.78 26.41 1.47
Pointing error (deg) 0.05 0 0.04
Beamwidth (deg) - 3.75 0.04
Directivity (dB) - 19.58 0.05
System loss (dB) - 0 0

(b) Scan evaluation using lens
Lens element 10th power beamwidth of 90' Maximum Mean Sigma

Sidelobe (dB) 17.36 19.92 2.17
Pointing error (deg) 0.07 0 0.03
Beamwidth (deg) - 3.61 0.07
Directivity (dB) - 19.47 0.08
System loss (dB) - 7.33 0.29

(c) Scan evaluation using lens
Lens element an isotropic radiator Maximum Mean Sigma

Sidelobe (dB) 18.25 20.72 1.98
Pointing error (deg) 0.09 0.01 0.04
Beamwidth (deg) - 3.70 0.04
Directivity (dB) - 19.46 0.06
System Loss (dB) - 25.83 0.12

Figure 12 shows plots of cumulative normal distributions for the lens and matrix systems.
These plots are based upon the sample means and standard deviations given in Table 1. There is, of
course, no reason to assume normal distribution of maximum sidelobe and this figure is presented
merely as an aid in comparing the performance of the scanning systems. Superimposed plots of the
actual sample cumulative probability distributions, however, indicate that a comparison made in
this way is reasonably accurate. The performance deficiency of the lens system is apparent from this
figure, which shows that a maximum sidelobe less than 25 dB would only be obtainee for less than
one percent of the beam positons of the lens system. An additional distribution is shown on this
figure for the case of an order 6 linear Taylor objective function with 40-dB sidelobes. The
unscanned pattern for this case is shown in Fig. 13. The choice of the lower sidelobe objective func-
tion is seen to have little effect on the overall sidelobe performance of the lens scanning system.

12
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CONCLUSIONS

It has been demonstrated that sidelobe levels attainable from the three-dimensional lens-fed
cylindrical array cannot meet the desired 25-dB level. Pointing accuracy of 0. ' is, however, attain-
able with the system as designed. The lens' mean loss of 7.33 (111 may be compared with an esti-
mated loss of 3 dB for a roughly equivalent matrix. The equivalent matrix is taken as a network
with 36 inputs and outputs and six layers of directional couplers, with 0.5-dB insertion loss for each
directional coupler.
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